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A theory of low-temperature phonon-drag magnetothermopower Sgxx is presented in graphene in
a quantizing magnetic field. Sgxx is found to exhibit quantum oscillations as a function of magnetic
field B and electron concentration ne. Amplitude of the oscillations is found to increase (decrease)
with increasing B (ne). The behavior of S
g
xx is also investigated as a function of temperature. A
large value of Sgxx (∼ few hundreds of µV/K) is predicted. Numerical values of S
g
xx are compared
with the measured magnetothermopower Sxx and the diffusion component S
d
xx from the modified
Girvin-Jonson theory.
PACS numbers: 72.10.Di, 72.80.Vp, 72.15.Jf, 65.80Ck
I. INTRODUCTION
Graphene, a monolayer of carbon atoms arranged in a
honeycomb lattice of hexagons, has a unique band struc-
ture. Its electronic states, at the points K and K′ of
the Brillouin zone, have a linear dispersion relation, de-
scribed by the Dirac equation. It is an ambipolar ma-
terial with zero effective mass of the carriers and zero
energy gap. Its electrical transport properties have been
studied extensively1,2, since its discovery3–5, with host of
intriguing phenomena due to its unusual band structure.
In a quantizing magnetic field B, graphene exhibits the
integer quantum Hall effect (QHE)4,5, with novel features
different from those in conventional two-dimensional elec-
tron gas (2DEG), particularly at n = 0 Landau level
(LL).
Thermopower S, an electric field E generated in a sam-
ple due to unit temperature gradient i.e. S = E/(−∇T ),
has been another powerful tool for probing carrier trans-
port. Application of magnetic field B, in addition to a
temperature gradient ∇T , provides valuable experimen-
tal tool to investigate magnetothermoelectric effects. In a
2DEG, in the xy plane, a temperature gradient ∇T ‖ x-
axis and magnetic field B ‖ z-axis generates electric field
E, in the sample, with components Ex = Sxx(−∇T )x
and Ey = Syx(−∇T )x, where the thermopower Sxx and
the Nernst-Ettingshausen coefficient Syx are the tensor
components of S. Quantization effects due to magnetic
field are reflected in thermopower.
In conventional 2DEG of GaAs heterojunctions (HJs)
and Si-MOSFETs, magnetothermopower is investigated
in detail, experimentally and theoretically, in the quan-
tum Hall regime6–9. Measured magnetothermopower
tensor components Sxx and Syx exhibited oscillations as
a function of magnetic field, arising due to crossing of
Landau level by the Fermi level due to either change in
carrier concentration or magnetic field. There are two ad-
ditive and independent contributions to thermopower S.
In a ∇T , diffusion component Sd arises due to diffusion
of carriers and the phonon drag component Sg arises due
to the non-equilibrium phonons transferring some of their
momentum to the electrons via electron-phonon (el-ph)
scattering. The oscillatory behavior of diffusion compo-
nent is explained by the theory of Jonson and Girvin10
and Oji11. It is established that for about 0.1 < T < 10
K, the Sg contribution dominates S in GaAs HJs6–8. Sg
is important because it gives directly el-ph coupling and
is independent of impurity scattering, unlike mobility.
The study of phonon-drag magnetothermopower Sg,
in conventional 2DEG, began with pioneering experi-
mental work of Fletcher et al12 showing the quantum
oscillations as a function of B. Its B and T depen-
dence were explained by developing the theory of Sg13–15,
by modifying the Boltzmann theory of phonon-drag in
bulk semiconductors16,17, following the Π-approach due
to Herring18.
In graphene, the experimental and theoretical investi-
gations of thermoelectric effects in zero and quantizing
magnetic field are being intensively pursued19. In mono-
layer graphene, experimental data of S vs T , in zero mag-
netic field, in temperature regime 10-300 K show largely
linear behavior suggesting that the mechanism for ther-
mopower is diffusive20. Thermopower measurements in
quantum Hall regime are carried out as a function of mag-
netic field for different gate voltage (i.e. for different car-
rier concentration) and temperatures20–23. Magnetother-
mopower Sxx and Nernst-Ettingshausen coefficient Syx
have shown the oscillatory behavior as a function of mag-
netic field. The behavior of Sxx and Syx are in agreement
with the generalized Mott relation, extending the theory
of Jonson and Girvin10 to graphene20. The peak values of
Sxx are predicted to be given by S
peak
xx = (−kB/e) ln 2/n,
noting that Jonson-Girvin theory fails for Landau level
n = 0. Similar observations are made in high mobility
samples of graphene23. Zero-field non-linear T depen-
dence is attributed to the screening24. Measured strong
quantum oscillations as a function of B are understood
by evolution of the density of states at the Fermi level
and Sxx becoming zero when the Fermi level lies in the
localized states, because of absence of diffusion23. In
all these measurements, it is observed that phonon-drag
thermopower component is absent and no evidence of
2phonon-drag magnetoquantum oscillations, even at low
temperatures, attributing to the weak el-ph coupling. We
believe that, equally important reason for the absence of
phonon-drag component in these samples may be due to
their small size (∼ 300 nm). It is about 104 times smaller
than the samples of GaAs HJs (∼ mm in which Sxx is
large and about ∼ mV/K)6. At low temperatures, the
smaller dimension of the sample sets the limit for phonon
mean free path Λ, in the boundary scattering regime, as
Sg ∼ Λ. We expect the phonon-drag to be significant in
large samples (few µm) for e.g. in the samples of Nika
et al25. Moreover, to know the significant contribution
of phonon-drag contribution, more data of S is required
at low temperature covering sub-Kelvin region in pure
samples.
The theory26 of zero magnetic field Sg has been de-
veloped in monolayer graphene, in the boundary scatter-
ing regime, as a function of temperature T (≤ 10 K) and
electron concentration ne for the phonon mean free path
Λ ∼ 10µm (closer to the samples of Nika et al25). At
about 10 K, Sg ∼ 10 µV/K. This value is nearly same
order of magnitude as that of predicted Sd with the peak
values few tens of µV/K, by the modified Jonson-Girvin
formula. We have to note that, unlike Sg, the latter is
independent of sample size.
It would be interesting to study the effects of mag-
netic field quantization on phonon-drag thermopower
Sgxx. In the present work, we theoretically investigate
the phonon-drag magnetothermopower as a function of
magnetic field B, electron concentration ne, and temper-
ature T . We explore the circumstances and possibilities
of its significant contribution to the measured magne-
tothermopower, by tuning the parameters B, ne, T , and
Λ. For comparison, we also compute diffusion compo-
nent Sdxx. The qualitative comparison of our calculations
is made with the experimental observations.
This paper is organized as follows. In Sec. II, we pro-
vide formalism of phonon-drag thermopower in presence
of quantizing magnetic field. In Sec. III, we present our
results and discussion. A summary of our work is pro-
vided in Sec. IV.
II. FORMALISM OF PHONON-DRAG
MAGNETOTHERMOPOWER
In the following we proceed with the calculations by
appropriately modifying the theory of Fromhold et al15
for the monolayer graphene. We consider an isotropic and
homogeneous 2DEG of graphene in the xy-plane with
the magnetic field B = (0, 0, B) along the z-direction.
In presence of an electric field E (along x-axis) electrons
are assumed to be accelerated isothermally (∇T = 0). In
the steady state, the non-equilibrium distribution of the
electrons in state α is given by fα = f
0
α+ f
1
α, where f
0
α =
[exp{(E0α − µF )/kBT }+ 1]−1 is the thermal equilibrium
distribution function in absence of the electric field for
state α, µF is the chemical potential and f
1
α is the first-
order perturbation due to electric field E. These non-
equilibrium electrons transfer some of their momentum to
the 2D phonons through the el-ph coupling. This causes
perturbation in the phonon distribution which is given
by Nq = N
0
q
+N1
q
, where N0
q
= [exp(~ωq/kBT )− 1]−1 is
the equilibrium distribution of the phonons of energy ~ωq
and the wave vector q. Here, N1
q
is the perturbation in
the phonon distribution, due to electric field, producing
the heat current density U.
We confine our attention to the linear transport regime
at liquid helium temperature. Then it is necessary to
consider only acoustic phonons, with the 2D character,
which interact weakly with the 2D electrons. The phonon
heat current density, noting that N0
q
will not contribute,
is given by
U = A−10
∑
q
N1
q
~ωqvq, (1)
where A0 = LxLy is the area of graphene sample and vq
is the phonon group velocity.
In the linear response regime (N1
q
∝ E), the heat cur-
rent density is given by U = ME = ΠJ, where M is
the thermoelectric tensor, Π =M/σ is the Peltier coef-
ficient tensor and σ is the electrical conductivity tensor.
From the Onsager relation, the thermopower tensor is
defined as S = Π/T . Using the Onsager symmetry rela-
tions it has been shown that15 TSxx = ρxxMxx−ρyxMyx
and TSyx = ρyxMxx + ρxxMyx, where Sxx and Syx are,
respectively, thermopower and Nernst-Ettinshausen co-
efficient, Mxx and Myx are the components of tensor M
and ρxx and ρyx are the components of electrical resistiv-
ity tensor ρ. Hence, the calculation of U will facilitate
the calculation of M and hence Sxx and Syx.
The solution for N1
q
, in the linear response regime, is
found to be
N1
q
=
g
kBT
∑
α,α′
τqΓα,α′(q)
[ f1α
(∂f0α/∂Eα)
− f
1
α′
(∂f0α′/∂Eα′)
]
,(2)
where g = gsgv, gs(gv) is the spin (valley) degeneracy,
and
Γα,α′(q) = P
ab0
α,α′(q)f
0
α(1− f0α′), (3)
P ab0α,α′(q) =
2π
~
|Cα,α′ (q)|2N0qδ(Eα′ − Eα − ~ωq).(4)
Here, P ab0α,α′(q) is the transition probability, in equilib-
rium, for the electron scattering from state α to state α′
by absorbing a phonon and |Cα,α′(q)|2 is the square of
the electron-acoustic phonon interaction matrix element.
Equation (2) is the general to the extent that, it is inde-
pendent of the electronic structure and the type of el-ph
coupling.
In a quantizing magnetic field B = (0, 0, B) with the
Landau gauge A = (0, Bx, 0), the eigenfunctions and
energy eigen values are given in Ref. [27]. The en-
ergy eigen values are E0α = E
0
n,ky
= ~ωc
√
2n, where
α ≡ (n, ky), n = 0, 1, 2... is the Landau level quantum
3number, ky is the electron wave vector in the y-direction,
ωc = vF /l0 is the cyclotron frequency, vF = 1 × 106
m/s is the Fermi velocity of electron in graphene, and
l0 =
√
~/(eB) is the magnetic length. The el-ph matrix
element is given by (see Appendix A for details)
|Cα,α′(q)|2 = |C(q)|2|Jn,n′(u)|2δk′
y
,ky+qy , (5)
where |C(q)|2 is the matrix which describes the el-ph
coupling strength and |Jn,n′(u)| with u = q2l20/2, is the
matrix element describing the scattering between Landau
levels.
In presence of crossed electric field E = (E, 0, 0) and
magnetic field B = (0, 0, B), the energy spectrum of
graphene can be found exactly28,29. In the linear re-
sponse regime, where the applied electric field is low
enough, one can obtain energy eigen value for the mag-
netic state α, approximately, as Eα ≃ E0α + eExα by
expanding the exact expression given in Refs. [28,29]
up to first-order in E/(vFB). Here, xα = kyl
2
0. This
is nothing but the first-order energy correction due to
the week external electric field. Further, assuming
that the form of distribution function retains the same
with the modified energy, we expand fα = f0(Eα) =
f0(E
0
α)−eExα[∂f(E0α)/∂E0α](= f0(E0α)+f1α), which gives
f1α/[∂f(E
0
α)/∂E
0
α] = −eExα. Then, Eq. (2), using the
momentum conservation k′y = ky + qy, for the chosen
Landau gauge gives,
N1q =
geEl20
kBT
∑
αα′
τqΓαα′(q)qy . (6)
In order to make N1q linear in E, we set all terms in
Γαα′(q) independent of E. Inserting Eq. (6) into Eq. (1)
we write U = ME and take the phonon group velocity
components vxq = (qx/q)vs and v
y
q = (qy/q)vs, vs being
the acoustic phonon velocity in graphene. Then, the two
components of the thermoelectric tensorM are given by
Mxx =
gel20vs
A0kBT
∑
q
τqΓ(q)(qxqy/q)~ωq (7)
Myx =
gel20vs
A0kBT
∑
q
τqΓ(q)(q
2
y/q)~ωq, (8)
where
Γ(q) =
∑
αα′
Γαα′(q). (9)
When we carry out the angular integration, it can be
seen that Mxx = 0 because of the xy isotropy. How-
ever, this is shown as the limitation of this theory as
the experimental results of Mxx in conventional 2DEG
show its non-zero value15. Later calculations in these
systems, taking into account of anisotropy of electrons
and phonons, remove this limitation30. However, in the
present work we undertake the evaluation of only Myx,
as we have considered xy isotropy of the system.
Using Eqs. (3) and (4), Eq. (9) turns out to be
Γ(q) =
2π
~
∑
α
∑
α′
|Cα,α′ (q)|2N0qf0(E0α)
× [1− f0(E0α′ )]δ(E0α′ − E0α − ~ωq). (10)
Summation of over k′y is carried out replacing it by ky+
qy. Since the integrand is independent of ky, summation
over ky simply gives A0/2πl
2
0.
In the presence of disorder, the energy levels (in zero
electric field) E0n,ky and E
0
n,ky+qy
are randomized by LL
broadening. A simple system average is taken by inte-
grating over ǫ = E0n,ky and ǫ
′ = E0n,ky+qy with the weight
factor ρ(ǫ−E0n)ρ(ǫ′ −E0n′), where E0n(E0n′) is the energy
of the n(n′)-th LL in absence of disorder and ρ(x) is the
LL density of states with convenient line shape function.
Now Eq. (10) becomes
Γ(q) =
A0
2πl20
2π
~
∑
n
∑
n′
|Cn,n′(q)|2N0q
×
∫
dǫ dǫ′f0(ǫ)[1− f0(ǫ′)]
δ(ǫ′ − ǫ− ~ωq])ρ(ǫ − E0n)ρ(ǫ′ − E0n′). (11)
Integration with respect to ǫ′, using the Dirac delta
function, gives
Γ(q) =
A0
~l20
∑
n
∑
n′
|C(q)|2|Jn,n′(u)|2N0qInn′ (~ωq), (12)
where
Inn′(~ωq) =
∫
dǫf0(ǫ)[1−f0(ǫ+~ωq)]ρ(ǫ−E0n)ρ(ǫ+~ωq−E0n′).
(13)
Since the phonon-drag thermopower is important at
low temperature, the energy of acoustic phonons involved
is so small that only intra LL scattering is possible. Thus
we set n = n′ in Eq. (12). Then, with
|Jnn(u)|2 = e
−u
4
[
Ln(u) + Ln−1(u)
]2
, (14)
Equation (12) gives
Γ(q) =
A0
~l20
|C(q)|2N0
q
∑
n
|Jnn(u)|2Inn(~ωq). (15)
Intra LL transitions are possible as the energy levels are
broadened.
Using Eq. (15) in Eq. (8), we get
Myx =
gevs
~kBT
∑
q
τq(q
2
y/q)~ωq|C(q)|2N0q
×
∑
n
|Jnn(u)|2Inn(~ωq). (16)
4The summation over q is converted into integration as
∑
q
→ A0
(2π)2
∫ ∞
0
qdq
∫ 2pi
0
dθ. (17)
Angular integration coming through qy = q sin θ gives π.
Then
Myx =
geA0
4π~4v2skBT
∫ ∞
0
d(~ωq)τq(~ωq)
3|C(q)|2N0q
×
∑
n
|Jnn(u)|2Inn(~ωq). (18)
Substituting for |C(q)|2 = D2~ωq/(2ρmA0v2s ), where D
is the acoustic phonon deformation potential coupling
constant and ρm is the areal mass density of graphene,
we obtain
Myx =
geD2
8πρm~4v4skBT
∫ ∞
0
d(~ωq)τq(~ωq)
4N0q
×
∑
n
|Jnn(u)|2Inn(~ωq). (19)
From Onsager relation, withMxx = 0, we have TS
g
xx =
−ρyxMyx. Taking ρyx = B/(nee)31, where ne is the elec-
tron density and expressing B in terms of l20, we get
Sgxx = −
gkBD
2
8πeρm~3v4s l
2
0ne(kBT )
2
∫ ∞
0
d(~ωq)τq(~ωq)
4N0q
×
∑
n
|Jnn(u)|2Inn(~ωq). (20)
We note that this equation can also be obtained by fol-
lowing the method of Kubakaddi et al13 for conventional
2DEG ignoring Γ(q) compared to 1/τq.
III. RESULTS AND DISCUSSION
Since Sgxx ∼ Λ and D2, it is essential to choose the
reasonable values of these parameters. We numerically
evaluate Sgxx, for T ≤ 20 K in the boundary scattering
regime for which τq = Λ/vs, where Λ is the phonon mean
free path. Normally, Λ is taken to be the smaller dimen-
sion of the sample. Thermal conductivity calculations
are demonstrated with Λ chosen in the range of 3-30 µm
and the choice of Λ = 5 µm is giving reasonable agree-
ment with the measured thermal conductivity25,32. Nika
et al25, to fit the thermal conductivity data, use the ef-
fective phonon mean free path Λeff = Λ(1 + p)/(1 − p)
by modulating the smallest dimension of the sample us-
ing specular parameter p = 0.9, which enhances Λ by
a factor of 20. The value of 0 ≤ p ≤ 1 is determined
by the roughness of the graphene edges. To present our
calculations we choose a reasonable value of Λ = 10 µm.
In the literature there is a range of D = 3-30 eV. We
chose D = 20 eV which is closer to the values of D, for
unscreened el-ph interaction, used to fit the experimental
data of some of the transport properties33–36. The line
shape function ρ(x) of LL is taken to be Lorentzian with
the width Γ = C
√
B, where C = 0.5 meV/
√
Tesla. Other
parameter values used are: ρm = 7.6× 10−7 Kg/m2 and
vs = 2× 104 m/s.
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FIG. 1: (Color online) Plots of phonon-drag thermopower Sgxx
versus magnetic field B at five different temperatures, namely,
T = 2, 4, 6, 8, and 10 K for ne = 10
16 m−2 and Λ = 10 µm.
Inset shows the behavior of Sgxx in the low field regime.
In Fig. 1, Sgxx is shown as a function of B, for
T = 2, 4, 6, 8, 10 K for ne = 1 × 1016 m−2. We see that
Sgxx is oscillatory with the height of the peak increasing
with the increasing B. The position of the peak occurs
when the Fermi energy is in the localized state of LL.
Interestingly, our calculations show large peak values of
the order of few hundreds of µV/K which is closer to
the values observed in GaAs HJs12,37. We would like
to point out that the sample size in GaAs HJs (∼ few
mm) is about two orders of magnitude larger than the
size of the graphene sample chosen here. The size of the
graphene sample (300 nm) in the experiment of Zuev et
al20 is about 30 times smaller than the value of Λ used in
the present calculation. Scaling the Λ down by 30 times,
we get the peak values of Sgxx few tens of µV/K which is
comparable to the measured values.
Dependence of Sgxx on ne is shown in Fig. 2 for three
different magnetic fields, namely B = 2.82, 3.88, and 6.20
Tesla, at T = 5 K taking Λ = 10 µm. Again, the be-
havior is found to be oscillatory. This is similar to the
behavior observed (as function of gate voltage) in the
experiment of Zuev et al20. The peak value of Sgxx is de-
creasing with the increasing ne. This is similar to the ne
dependence of zero field Sg and Sd26. Also, it is found
that the peak values are smaller for smaller B. The num-
ber of oscillations contained in Sgxx gets reduced with the
increase of magnetic field. This is due to the increase
of the separation between LLs with increasing magnetic
field. Interestingly, we note that the position of the peak
values corresponding to three different B are coinciding
5at ne = (1, 4, 7 and 10)× 1016 m−2.
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FIG. 2: (Color online) Plots of phonon-drag thermopower Sgxx
versus carrier density ne at different magnetic fields, namely,
B = 2.82, 3.88, and 6.20 Tesla for T = 5 K and Λ = 10
µm. The behavior of Sgxx around the higher density regime is
depicted in the inset.
In Fig. 3(a), we have shown Sgxx as a function of ne for
Λ = 300 nm (as taken in Ref. [20]) at temperatures T =
4.2, 10, and 20 K for a magnetic field B = 8.8 Tesla. For
comparison, we have calculated diffusion component Sdxx
as a function of ne, for the same T and B, using modified
Girvin-Jonson theory (see Ref. [21]) and it is shown in
Fig. 3(b). Note that Sdxx is also found to decrease with
increasing ne. According to the Girvin-Jonson theory,
the peak values due to diffusion component are given by
(kB/e)ln2/n. S
d
xx is found to be much greater than S
g
xx.
For example, for ne ∼ 1.5× 1012 cm−2, at 4.2 K (10 K)
Sdxx is nearly ten (three) times greater than S
g
xx. The
total Sxx = S
d
xx + S
g
xx is shown as a function of ne in
Fig. 3(c) and it is increasing with T .
We would like to point out that in graphene, the peak
values of diffusion thermopower Sdxx are quantized as
(kB/e)ln2/n which differs from the peak value quanti-
zation (kB/e)ln2/(n+1/2) corresponding to the conven-
tional 2DEG. This difference is attributed to the exis-
tence of a non-trivial Berry phase π in graphene21. Un-
like diffusion thermopower, it is difficult to establish such
peak value quantization for Sgxx. However, a careful ob-
servation of Fig. 3(a) & 3(b) dictates us that Sgxx fol-
low Sdxx with respect to the locations of peaks. More-
over, the locations of thermopower peaks in 2DEG and
graphene are expected to be different due to different
Landau level structures as was found in the case of con-
ductivity oscillations27.
In Fig 4, we have shown Sgxx as function of T for
B = 2.82, 3.88 and 6.20 Tesla (corresponding to three
peak values in Fig. 1). Sgxx increases with increasing
T , more rapidly at lower T . At higher T , the increase
is slower and showing nearly independent behavior for
about T > 10 K. This behavior is similar to the obser-
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FIG. 3: (Color online) Plots of thermopower versus carrier
density ne at different temperature for B = 8.8 Tesla and
Λ = 300 nm as considered in Ref.[20]. Here, (a) Sgxx, (b) S
d
xx,
(c) Sxx = S
g
xx + S
d
xx.
vations in conventional 2DEG12–14. The faster increase
of Sgxx with T , at low T , may be attributed to the in-
creasing number of phonons linearly with T . For a given
magnetic field, maximum momentum transfer takes place
when ~vsq ≃ Γ setting limit on q. As T increases further,
the allowed q is limited by the width of LL (Γ ∼ B1/2)
and fewer phonons will exchange momentum. In zero
magnetic field, such behavior is generally interpreted6,8
in terms of the dominant phonon wave vector qD and
Fermi wave vector 2kF . At a given T , S
g
xx is larger for
larger B. This is consistent with the findings in conven-
tional 2DEG12,14.
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FIG. 4: (Color online) Temperature dependence of phonon-
drag thermopower at electron density ne = 10
16 m−2. Inset
shows variation of the exponent γ = d lnSgxx/d lnT with tem-
perature.
6Inset of Fig. 4, expressing Sgxx ∼ T γ, shows the behav-
ior of exponent γ as a function of T for different B. It
is found to decrease and tending to zero with increasing
T . Moreover, γ is found to be larger for larger B. We
observe that for T closer to 1 K, γ is greater than 2 which
is signature of phonon-drag thermopower. When Sgxx is
calculated as a function of T (not shown in the figure )
for different ne we expect it to increase with increasing T
but to be smaller for larger ne. These curves are expected
to show again nearly independent behavior at higher T ,
more so for smaller ne. Exponent γ, in this case ne de-
pendent, is again expected to decrease with increasing T
.
Important point we notice is that Sgxx can be tailored
to be as large as few mV/K by reducing ne and working
at larger B. We suggest that the enhanced phonon drag
contribution Sgxx can be achieved by polishing the edge of
the sample. It is characterized by a specular parameter p
with its value 0 < p < 1. The perfect reflecting edge gives
p = 1 and very rough edge corresponds to p = 0 (diffusive
scattering). Besides, the larger samples can be grown on
piezoelectric substrates. Woszczyna et al38 have shown
that the graphene samples as large as 150 × 30 µm2 on
GaAs substrate can be prepared.
We would like to point out that the screening of el-
ph coupling in magnetic field is ignored, although justi-
fication is for zero magnetic field case. In conventional
2DEG screening is found to reduce the phonon drag ther-
mopower significantly both in zero and quantizing mag-
netic field6–9. However, screening of el-ph interaction in
graphene in magnetic field is yet to be established. Low
temperature experimental Sgxx may throw some light on
significance of screening. One can extract the experimen-
tal phonon drag Sgxx from the experimentally measured
Sxx values by subtracting diffusion component using gen-
eralized Mott formula20.
IV. SUMMARY
In summary, we have studied phonon-drag ther-
mopower Sgxx in graphene subjected to a transverse mag-
netic field. Based on a method, described in Ref.[15],
a modified theory is developed to calculate Sgxx quan-
titatively. Dependence of Sgxx on magnetic field, elec-
tron density, and temperature have been studied. With
both magnetic field and density, Sgxx exhibits oscilla-
tory behavior. Interestingly, we have found an enhanced
phonon-drag thermopower with magnitude of the order of
few hundreds µV/K. This value is closer to that obtained
in the case of conventional 2DEG at GaAs based semi-
conductor hetero interface. We attribute this enhanced
phonon-drag effect is a consequence of taking the high
value of phonon-mean free path, namely, Λ = 10 µm.
We, thus, suggest that phonon-drag effect may have sig-
nificant contribution in larger samples of graphene. We
have also shown the density dependence of Sgxx for pa-
rameter values which were taken in Ref.[20]. The diffu-
sion thermopower has also been calculated for the sake of
comparison using modified Girvin-Jonson theory. More-
over, the temperature dependence of Sgxx is also studied
and the exponent of this dependence has been extracted.
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Appendix A
1. Matrix elements of Electron-phonon coupling in
a magnetic field
For a graphene monolayer, lying in xy plane, with a
perpendicular magnetic field B = (0, 0, B), the eigen
functions, for Landau gauge A = (0, Bx, 0), are given
by27
ψα(r) =
eikyy√
Ly
χn,ky (x) (A1)
with
χn,ky (x) =
1√
2
( −iφn−1(x)
φn(x)
)
. (A2)
Here, α ≡ (n, ky), n = 0, 1, 2, 3, .. is the Landau level
index, ky is the y-component of electron wave vector,
φn(x) =
√
1/(2nn!
√
πl0)e
−(x+x0)
2/(2l2
0
)Hn[(x + x0)/l0]
with x0 = l
2
0ky is the harmonic oscillator wave function.
We assume that at low temperature, for the graphene
on the substrate, electrons interact with only in-plane
acoustic phonons via deformation potential coupling. In
suspended graphene, there will be flexural modes, whose
contribution is neglected for the graphene on substrate39.
The deformation potential coupling is assumed to be only
due to longitudinal acoustic phonons.
The most general form of electron-phonon interaction
Hamiltonian is
Hep(r) =
∑
qs
[
Vqse
iq·raqs + V
†
qse
−iq·ra†
qs
]
,
where aqs(a
†
qs) is the phonon annihilation(creation) oper-
ator and Vqs is the matrix element of a particular phonon
mode (q, s). For longitudinal acoustic phonon mode cor-
responding to deformation potential, the form of Vqs is
given by Vq = D
[
~ωq/(2A0ρmv
2
s )
]1/2
, where A0 is the
area of graphene sample, D is the deformation potential
coupling constant, and ρm is the areal mass density of
graphene. The electron-acoustic phonon matrix element,
for the scattering between the states α ≡ (n, ky) and
α′ ≡ (n′, k′y), is given by
Cα,α′(q) =
∫
ψ†α′(r)Vqe
iq·rψα(r)d
2r. (A3)
7Substituting for ψα(r) and Vq, we get Eq. (5) in which
the integrals are given by
Ck′
y
,ky =
Vq
Ly
∫ Ly
0
e−i(k
′
y
−ky−qy)ydy = C(q)δk′
y
,ky+qy(A4)
and
Jn,n′(u) =
∫ ∞
−∞
χ†n′,k′
y
(x)eiqxxχn,ky (x)dx. (A5)
At low temperature, the acoustic phonon energy is
small and cause only intra-Landau level transitions (n =
n′). Inter-Landau level transitions are expected at higher
temperatures and in the studies such as magnetophonon
resonance in which optical phonons are involved40. The
matrix element corresponding to intra-Landau level tran-
sitions is found to be
Cα,α′(q) = C(q)Jnn(u)δk′
y
,ky+qy (A6)
where
Jnn(u) =
1
2
eiqxx0e−
u
2
[
Ln−1(u) + Ln(u)
]
(A7)
with u = q2l20/2. The equation for |Jnn(u)|2 given in
Eq.(14) is similar to the one obtained in Refs.[41,42].
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